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Abstract
In this paper, we present a complete proof that W3 is the only edge-graceful wheel graph; a result that first appeared in

the published work of S.Venkatesan and P.Sekar in 2017. Particularly, we first discuss the results of S.Venkatesan and P.Sekar,
regarding the edge-gracefulness of wheel graphs, highlighting a point for improvement to their proof that W3 is the only edge-
graceful wheel graph. We then provide a complete proof of their result using the concepts of divisibility and Diophantine
equations. We end the paper by giving some future works, related to edge-graceful labeling.
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1. Introduction

The concept of graph labeling was first introduced in the mid-1960’s. A graph labeling is an assignment
of integers to the vertices or edges, or both, of a graph under certain conditions [1]. Within the last 60
years, over 200 types or variations of graph labeling have been studied and about 2500 articles have been
published [2]. A graceful labeling or graceful numbering is a type of labeling of a graph on m edges in which
the vertices are labeled with a subset of distinct non-negative integers from 0 to m and each edge of the
graph is uniquely labeled by the absolute difference between the labels of the vertices incident to it. If the
resulting labeling of graph edges run from 1 to m inclusive, it is a graceful labeling and the graph is said to
be a graceful graph [3].On the other hand, the concept of edge-gracefulness and edge-graceful graphs was
defined and introduced by Sheng-Ping in [4]. Edge-graceful labeling is considered as a reversal of graceful
labeling, because it labels the edges first, then the labels of the vertices would depend on the labels of the
edges incident to them. That is, a graph G with p vertices and q edges, is said to be edge-graceful if the
edges can be labeled from 1 through q, in such a way that the labels induced on the vertices by summing
over incident edges modulo p are distinct. In 2017, S.Venkatesan and P.Sekar wrote a paper regarding the
edge-gracefulness of wheel graphs. They used the Lo’s Theorem and Microsoft Excel to prove the main
result of their paper, which claims that W3 is the only edge-graceful wheel graph [3]. Motivated by their
work, this research which aims to provide a complete proof of their result was created.
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2. Preliminaries

2.1. Preliminary Graph Theory Concepts
Throughout this paper a graph with vertex set V and edge set E will be denoted by G(V,E). Moreover,

we denote a graph with p number of vertices and q number of edges as (p,q)-graph. For readers who
are unfamiliar with graph theory concepts and notations that were briefly stated in this paper, we refer
them to some standard graph theory references such as Gallian’s “A Dynamic Survey of Graph Labeling”
[5] and Gross’ “Graph theory and its applications” [6]. The following essential terms and results from
Wolfram MathWorld [7] (aside from the concept of edge-graceful labeling) will be encountered and used in
the succeeding sections of this article.

Definition 2.1 (Edge Graceful Graph). A (p,q)-graph G(V,E) is called edge-graceful if there exists a bijection
f : E → {1, 2, ....,q}, such that the induced mapping f+ : V → Zp, defined by

f+(u) ≡
( ∑

v∈N(u)

f(uv)
)
(mod p)

is also a bijection.

We note that Zp is the set of integers {0, 1, 2, .., (p− 1)}, N(u) refers to the neighborhood of the vertex
u, and f(uv) is the label of the edge with endpoints u and v in G.

Figure 1 below, shows an example of an edge-graceful labeling of a graph. First, the graph involved,
has 5 edges and 5 vertices. By following Definition 2.1, the edges of the graph was labeled using distinct
integers from 1 to 5, and the induced labels of the vertices are distinct integers from 0 to 4.

Figure 1: An edge-graceful labeling of cycle graph C5.

Definition 2.2. A wheel graph is the (n+ 1, 2n)-graph which is formed from adding the middle vertex and
edges connecting the new vertex to every vertex of a cycle Cn. Wheels are denoted by Wn, where n refers
to the number of vertices in the outer cycle.

Some examples of wheel graphs are shown in Figure 2.

Figure 2: Examples of usual fan graphs.
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2.2. Essential Results
This subsection discusses the important concepts and results that will be utilized in this paper such as the

Lo’s theorem and the general quadratic Diophantine equation. Since most of the concepts here are mostly
number-theoretic, we refer readers who are unfamiliar with number theory to Burton’s book “Elementary
Number Theory” [8].

Theorem 2.3 (Lo’s Theorem[9]). If a graph G with p vertices and q edges is edge-graceful, then

p

∣∣∣(q2 + q−
p(p− 1)

2

)
.

Definition 2.4 (General Quadratic Diophantine Equation). Diophantine equations are equations, where only
integer solutions are allowed. A general quadratic Diophantine equation is an equation of the form ax2 +
bxy+ cy2 + dx+ ey+ f = 0, where x and y are both integers.

Lemma 2.5 (Tamang [10]). The quadratic Diophantine equation

ax2 + bxy+ cy2 + dx+ ey+ f = 0 (2.1)

where a,b, c,d, e, and f are integer coefficients, and x and y are the unknown variables can be reduced to

X2 −DY2 = N, (2.2)

where X = Dy+ E, D = b2 − 4ac, E = bd− 2ae, Y = 2ax+ by+ d, N = E2 −DF, and F = d2 − 4af.

Remark 2.6. Observe that if we have solution X, Y in equation (2.2), then there are integers x and y, such
that

X = Dy+ E → y =
X− E

D

and

Y = 2ax+ by+ d → x =
Y − by− d

2a
where x and y are the integer solutions for equation (2.1).
Remark 2.7. All the Diophantine equations involved in this study has c = 0. Thus the equation (2.2) will
just be written as

X2 − (bY)2 = N. (2.3)

Observe that we can factor the left side of the equation (2.3) as (X+ bY)(X− bY). Moreover, if the pair
N1 and N2 is a factor pair of N, then we will have linear system of equation,

(X+ bY) = N1

(X− bY) = N2

Now, solving for X and Y, we will have,

X =
N1 +N2

2 and Y =
N1 −N2

2b .
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3. Results

3.1. Exposition of Venkatesan and Sekar’s Result
We now present the result of S. Venkatesan and P. Sekar.

Theorem 3.1 (Venkatesan and Sekar, 2017). Among all wheel graphs Wn, only W3 is edge-graceful.

Proof. (by Venkatesan and Sekar) First, recall that a wheel graph Wn has n+ 1 vertices and 2n edges. If
we substitute p = n+ 1 and q = 2n in Theorem 2.3, we arrived at

(n+ 1)
∣∣∣((2n)2 + 2n−

(n+ 1)(n)
2

)
.

The divisibility condition above can be further simplified into(7n2 + 3n
2(n+ 1)

)
, is an integer.

Using Microsoft Excel-2021, Venkatesan and Sekar determined which values of n from 1 to 100 will satisfy(7n2 + 3n
2(n+ 1)

)
∈ Z. We further extended it and consider the values of n from 1 to 200, as shown in Figure 3.

Figure 3 shows that from 1 to 200, only n = 3 will make
(7n2 + 3n

2(n+ 1)

)
an integer. At this point, they

came up with the conclusion that W3 is the only edge-graceful wheel graph. □

Suggested Improvements

Since the method only considered limited values of n, a method that can consider all positive integer n

must be used. Furthermore, an actual example of edge-graceful labeling of W3 must be provided to complete
the proof. This is because, based on the statement of Lo’s theorem, the existence of a positive integers p and
q such that p

∣∣∣(q2 + q−
p(p− 1)

2

)
do not guarantee us that the (p,q)-graph is edge-graceful. Rather, the

contrapositive of the statement provides us a sieving method as to what (p,q)-graphs are not edge-graceful.

3.2. Proof that W3 is the only Edge-graceful Wheel Graph
We now complete the proof that W3 is the only Edge-graceful Wheel Graph.

Proof. From the initial steps of Venkatesan and Sekar, they showed that if the wheel graph Wn is edge-
graceful, then (7n2 + 3n

2(n+ 1)

)
∈ Z.

This means,

7n2 + 3n = 2(n+ 1)k
= 2nk+ 2k, for some k ∈ Z.

Thus, we solve for all the possible integer values of n and k in the Diophantine equation,

7n2 + 3n− 2nk− 2k = 0 (3.1)

where n,k ∈ Z. This Diophantine equation is of the form,

an2 + bnk+ ck2 + dn+ ek+ f = 0,

where a = 7, b = −2, c = 0, d = 3, e = −2, and f = 0.
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Figure 3: Checking which Values of n from 1 to 200 will satisfy
(7n2 + 3n

2(n+ 1)

)
∈ Z, using Microsoft Excel-2021.

Using the transformation stated in Lemma 2.5, the equation (3.1) can be reduced to

X2 − 4Y2 = 448 (3.2)



A.DC. Angel, J.L.F. Gamurot, J.R.M. Antalan, R.P. Tagle, Commun. Combin., Cryptogr. & Computer
Sci., 2 (2024), 213–219 218

where Y = 2an+ bk+ d = 14n− 2k+ 3 and X = Dk+ E = 4k+ 22.
By factoring the left side of the equation 3.2, we will have,

(X+ 2Y)(X− 2Y) = 448.

Therefore, by Lemma 2.5 and Remark 2.7, we have the following:

X =
N1 +N2

2 , Y =
N1 −N2

4 , k =
X− 22

4 , n =
Y + 2k− 3

14 ,

where (N1,N2) are the factor pairs of N = 448. Using all these information, we can now solve for the integer
values of n and k, by considering all the factor pairs of 448, as shown in Table 1.

N1 N2 X Y n k

1 448 224.5 -111.75 -0.964285714 50.625
2 224 113 -55.5 -0.928571429 22.75
4 112 58 -27 -0.857142857 9
7 64 35.5 -14.25 -0.75 3.375
8 56 32 -12 -0.714285714 2.5
14 32 23 -4.5 -0.5 0.25
16 28 22 -3 -0.428571429 0
448 1 224.5 111.75 15 50.625
224 2 113 55.5 7 22.75
112 4 58 27 3 9
64 7 35.5 14.25 1.285714286 3.375
56 8 32 12 1 2.5
32 14 23 4.5 0.142857143 0.25
28 16 22 3 0 0
-1 -448 -224.5 111.75 -1.035714286 -61.625
-2 -224 -113 55.5 -1.071428571 -33.75
-4 -112 -58 27 -1.142857143 -20
-7 -64 -35.5 14.25 -1.25 -14.375
-8 -56 -32 12 -1.285714286 -13.5
-14 -32 -23 4.5 -1.5 -11.25
-16 -28 -22 3 -1.571428571 -11
-448 -1 -224.5 -111.75 -17 -61.625
-224 -2 -113 -55.5 -9 -33.75
-112 -4 -58 -27 -5 -20
-64 -7 -35.5 -14.25 -3.285714286 -14.375
-56 -8 -32 -12 -3 -13.5
-32 -14 -23 -4.5 -2.142857143 -11.25
-28 -16 -22 -3 -2 -11

Table 1: Solutions for 7n2 + 3n− 2nk− 2k = 0.

Table 1 shows that there are 4 possible solutions for the Diophantine equation 7n2 + 3n− 2nk− 2k = 0.
These are: (n,k)= (3,9), (-5,-20), (0,0), and (-2,-11). However, since we are only concern with possible
values of n for wheel graph Wn, then we can limit the value of n to be positive. Hence, from our 4 solutions,
only (3,9), where n = 3 will satisfy this condition. Therefore, we have shown that W3 is the only wheel
graph that might be edge-graceful by the contrapositive of Lo’s Theorem.

To complete the proof, an actual edge-graceful labeling of W3 is provided in Figure 4.
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Figure 4: An Edge-graceful labeling of W3

The notes at the right side of the labeled-graph in Figure 4 shows that it satisfies the definition of an
edge-graceful labeling. Since all needed conditions are satisfied, then we can now conclude that W3 is the
only edge-graceful wheel graph.

4. Conclusion and Future Works

In this paper, the edge-gracefulness of wheel graphs were investigated and determined using their re-
spective vertex sets and edge sets, Lo’s Theorem, and the concept of divisibility and Diophantine equation.
The investigation lead to a complete proof that W3 is the only edge-graceful wheel graph, a result that first
appeared in the published work of S.Venkatesan and P.Sekar in 2017. A possible continuation to this paper
is the determination of edge-graceful graphs in some families of graphs.
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